Born-Infeld type modification of the gravity 
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We study a non-linear modification to General Relativity in which the standard Einstein-Hilbert 
action is replaced by a Born-Infeld type action. Also study us stability issues to judge about 
viability of this modification. We establish the conditions that this modification must satisfy for 
to avoid the problems associated with the Dolgov-Kawasaki instability, tachyon instability and 
negative effective gravitational coupling. The particle content of gravitational spectrum of the 
linearized Born-Infeld theory shows the existence of massless gravitons plus new degree of freedom of 
0-spin associated with term. For a toy model we proved that for appropriate values of the back- 
ground curvature, this theory is free of ghost, Dolgov-Kawasaki instability and tachyon instability 
also it has a positive effective gravitational coupling. We find the scalar-tensor theory equiv- 
alent at this /(_R)-theory in the Einstein frame, and we study some properties of the scalar potential. 
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I. INTRODUCTION 

Recently the cosmological observations Supernova 
(SNIa) large scale structure 0, cosmic microwave 
background Q, the integrated Sachs- Wolfe effect [Ij, 
baryonic acoustic oscillations Q and from gravitational 
lensing Q have offered strong evidence that the ex- 
pansion of our universe is accelerating. The General 
Relativity (GR) cannot explain the acceleration of late 
universe. In most investigations the origin of the accele- 
ration is attributed to a mysterious component with a 
negative pressure, called Dark Energy (DE). The pre- 
ferred candidate for this entity is a cosmological con- 
stant A. The Cosmological Constant problem has been a 
longstanding problem in fundamental theoretical physics 
• An alternative at Dark Energy is modified the Eins- 
tein gravity theory. Several theories of gravity of this 
kind have been proposed since long ago in [8| . The modi- 
fications of gravity have been used in many contexts, per- 
haps the most famous is the first model of inflation intro- 
duced by Starobinsky [§]. However, in the last few years, 
modifications of gravity have been attracting attention 
as an alternative to the Dark Energy in order to 

explain the late-time acceleration at large cosmological 
scales dMl. 

The General Relativity is based in the Einstein-Hilbert 
action (EH) 



Seh^^ J d^x^ {R ~ 2A) 



(1) 



Where = 8ttG is the gravitational coupling constant, 
R is the curvature scalar, g is the determinant of the met- 
ric and A the cosmological constant. Numerous modifi- 



cation to the classical EH action have been proposed mo- 
tivated for different reasons. In particular, renormaliza- 
tion at one-loop demands that the EH action be supple- 
mented by higher order curvature terms Besides, 
when quantum corrections or string theory are taken into 
account, the effective low energy action for pure gravity 
admits higher order curvature invariants The most 
well-known alternative to general relativity, are Scalar- 
Tensor Theories 19, 20], but there are still numerous pro- 
posals for modified gravity in contemporary literature. 
Typical examples are the braneworld gravity of Randall- 
Sundrum [21, 22] or Dvali-Gabadadze-Porrati [23|, quan- 
tum gravity [2j|. But there is other way to modify the 
Einstein gravity theory. If the curvature is replaced in 
(HI) by an arbitrary function /(i?), the gravity action is 
given by 



So 



^ / d^x^gfiR) 



(2) 



This kind of modification to GR has been extensively in 
the literature. We can consider a series expansion of f{R) 
in the following form 



R R m m 



(3) 



where /ii and r]i are constants with the appropriate di- 
mensions. The expansion ^ includes fenomelogically 
interesting term '25|. The positive power in ([3]) mod- 
ified gravity at high energy (early universe), for exam- 
ple, the model /(i?) ^ R + (3R'^{I3 > 0) can lead to the 
inflation in the early universe because of the presence 
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Hig her order actions are indeed renormalizable but not unitary 
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of the PB? term. In fact, this is the model of infla- 
tion proposed by Starobinsky The negative power 
in ([3]) modified gravity at lower energy (late universe), 
the model f{R) — R + ^ with (a > 0, n > 0) is a sim- 
plest modified gravity scenario to realize the late-time 
acceleration. However it was proved that this model is 
plagued by a matter instability [IB, [131 , as well as by a 
difficulty to satisfy local gravity constraints [28 3fl|- The 
interesting feature of the theories with negative powers 
of curvature is that they may be expected from some 
time-dependent compactifi_cation of string/M-theory as 
it was demonstrated in [3l|. The action with negative 
and positive power of the curvatures has been studied in 

The f{R) theories have been studied in many contexts 
inflation jOj], Dark Energy [33i - t36j . large scale structure 
[37| . Even if /(i?) theories were not a viable alternative 
to explain late-time acceleration of the expansion, these 
modification are of great relevance to study early-time 
inflation 

We can add matter fields to f{R) gravity action 
in this case the total action is given by 



(4) 



where ^ represent the matter fields, i.e. electromagnetic 
field. Varying the action (U) with respect to the metric, 
we find the following field equation ^ 

nR)R^,-V^y,nR)+9^..^nR)^\9^.uf{R) = ^^T^L") 

(5) 

where 



2 SSr, 



(6) 



is the momentum-energy tensor of the matter. The field 
equation ([5]) can be written in the following form 



[cur) 



(7) 



where G^i, is the Einstein tensor, T^jy is the momentum 
energy tensor of curvature 



^ l_ f f{R)~Rf{R) 
2 



ffM. + V^V./'(i?)^ (8) 



and effective gravitational coupling 

^2 



f'iR) 



(9) 



^ The field equation in f{R) gravity also can be obtained through 
the known Palatini formafism [25]. In Palatini formaUsm the 
motion equations are of second order (like usual Einstein equa- 
tion), while that the motion equations ^ are of fourth order 
with respect to metric. 



The trace of the field equation ([5]) 

f{R)R-2f{R) + 3af'{R)^K^T (10) 

The equation pUj) relates R with T differentially and not 
algebraically as occur in the GR. This means that the 
field equation in /(i?)-theories admit a larger variety of 
solutions than GR. 

The f{R) theories are excellent candidates to gravity 
theory. The f{R) theories include some of the basic char- 
acteristic of higher-order gravity theories. Also there are 
several reasons to believe that f{R) theories are only of 
the higher-order gravity theories, that it can avoid the 
well-known Orstrogradski instability [sl] . 

II. BORN-INFELD TYPE MODIFICATION 

There are several ways to modify the EH action. In 
this paper, we consider a modification based on the grav- 
itational analogues of non-linear Born-Infeld electrody- 
namics [39| . modification for smoothing out singularities 
[3 l40l. kip. Through this modification the Einstein- 
Hilbert Lagrangian density Ceh = \/~gL can be re- 
placed by one of the Born-Infeld form: 



-EH 



-BI 



/^A 1- 




(11) 



where the constant A is associated with the curvatures 
scale accessible to the theory. Also we can replace the La- 
grangian L in by a f{R) function within the square 
root (see [i^ ) 



C 



BI 



/^A 1- 



(12) 



Let us consider a function f{R) oc i?" in Bl-type La- 
grangian density (IT^ for gravity, in this case the action 
of the pure gravity ([2]) can be rewritten as 



Sbi = / d'^'x 
2k 



(13) 



where e = ±1, the constant a is a constant with mass 
dimension and (n > 0). 

Other variants of Born-Infeld type gravity was consid- 
ered in [43l - |46j . The BI gravity has been intensively stud- 
ied in many context, as cosmological framework proves 
to lead to interesting behavior p7H49| . In particular 
has been analyzed the black hole properties |50l - [54| . the 
astrophysical phenomenology (ssl l56ll . dark energy phe- 
nomenology [57|, massive gravity [58| and primordial in- 
fiation [591. 



^ In [32^ has been studied how to avoid the initial as well as final 
singularities in modified gravity. 
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Born-Infeld gravity can be phenomenologically viable, 
if this modifieation satisfy several physically motivated 
requirements. 

• Reduction to Einstein-Hilbert action at small cur- 
vature. 

• Ghost-free 

• Regularization of singularities, i.e. Schwarzschild 
singularity 

• Supersymmetrizability^ 

The function f{R) that appear in the action (fT3|) also 
satisfies the condition limjj_j.o /(R) — >■ which means 
that there is a flat space-time solution. 



A. Born-Infeld Lagrangian expansion 

In this section we study the expansion around maxi- 
mally symmetric vacuum spaces of constant curvature of 
the /(i?)-theory that appear in (fT3|) . In the next sec- 
tion we will analyze the stability issues in these constant 
curvature spaces. 

The equation (fTO|) for R — Const and T = reduce to 

(14) 



f{R)R-2f{R) = 



which is an algebraic equation in R. 

For the action (fT3)) the roots of the equation (|14l) are 



Rq = 



Ro 



{n-2) 



ea{n — 4)^ 



(15) 



For R = the equation ([5|) reduced to i?^^ = and 
the maximally symmetric solution is Minkowski space- 
time. The second root ([T5|) reduced to = ^Qfj-v the 
equation ([5]) and the maximally symmetric solution is de 
Sitter space if i?o > or Anti de Sitter (AdS) space if 
Ro < 0. 

In an empty space of constant curvature Rq all f{R) 
theories admit Schwarzschild-de Sitter (or AdS) solution 
[^2] . We can find static solutions with spherical symme- 
tric of the theory ([T^ in the Schwarzschild form 



where 



-A{r)dt^+A-\r)dr^+r^ {dO^ + sin^ Odip^) (16) 



A{r) = I - 



2MG 



1 

12 



8(n-2) 



eain 



(17) 



In above solution we can see that AdS-Schwarzschild 
black holes in Einstein gravity are also solutions of Born- 
Infeld gravity ((T3l) . 



Let us consider the expansion of the action (IT3l) around 
maximally symmetric vacuum spaces of constant curva- 
ture R — Rq, in the neighborhood of the point R = Ro- 

f{R) = f{Ro) + ^^"^^.^"^ {R-RoT (18) 



If we consider until second order term {R — Rq)^ in the 
series p^ . one has 

fiR) = fiRo) + f'{Ro)iR-Ro) (19) 
+h"{Ro){R-Ror + 0{R') 



the above expansion can be written as 

i?2 



/(i?) = /3 -2A + i? 



6mQ 



(20) 



where we have considered the following notation 



2A = 



P = f'-Rof'^ (21) 

2 _ f ~ R<^fo 



and 



fa - f{Ra) -/"o-^lflo- 



(22) 



From the definition of the cosmological constant (f21]) we 
find the expected value A = The linearized action is 
given by 



S = 



(23) 



Where the linearized theory is defined by the /(i?)-theory 



f{R) - R 



JlL 



-2A 



(24) 



For small curvatures the action ([25)1 reduce to EH action 
([1]). The model p4|) was motivated to be renormalizable, 
results in the self-consistent inflation. Also the R^ term 
in (1231) . prevents from the singular behavior in the past 
and in the future [63j . The gravitational spectrum of 
the theory (|23p shows the existence of massless gravitons 
relate with the i?-term in the linearized action (1^^ plus 
new degree of freedom of 0-spin and mass toq associated 
with the i?^-term in (P^. The mass of the scalar degree 
of freedom rriQ is obtained in the weak- field limit, if we 
consider small, spherically symmetric, perturbation on a 
Sitter space of constant curvature ^. 



* This requirement results quite stringent and is probably imple- 
mented if gravity descends from String Theory iGOl . |61|| . 



This new scalar degree of freedom also is called scalaron. 
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The exchange of this scalar field between two test par- 
ticles change the Newtonian potential (see [s^]) 



r r \ 3 



(25) 



For large values of mo the exponential term vanish in 
(j25p and we recover the Newtonian potential, however 
for small values of mo the exponential term do not vanish 
and the corrections to Newton's law are not negligible. 



B. Stability criteria 

The study of the stability in higher order modifica- 
tion of GR is very important to judge about viability of 
these modifications. These theories are plagued by sev- 
eral kinds of instabilities, which lead to destabilize the 
theory^. For example, we have the Ostrogradski insta- 
bility, based on the Ostrogradski's theorem [s^. This in- 
stability is associate with Lagragian that depend higher 
order time derivate. In this case that dependence cannot 
be eliminated by partial integration. In [38] proved that 
f{R) theories are the only Ostrogradski-stable higher or- 
der modification to GR. 

Other instability is known as Dolgov-Kawasaki insta- 
bility [ll]^- This instability was discovered by Dolgov 

4 

and Kawasaki in the theory f{R) = R — ^ 

Dolgov and Kawasaki discovered this instability in the 

4 

theory f{R) — R — this instability manifests itself 
on an extremely short time scale. The existence of this 
instability is sufficient to rule out a model . In [s^ |3^ 
proved that adding an R^ term at this theory, it can 
removes this instability. The study of Dolgov-Kawasaki 
instability was generalized for arbitrary f{R) theories in 
[27]. 

Other instabilities are caused by the presence of a 0- 
spin tachyon degree of freedom. This instability is associ- 



ated with negative values of the mass squared ra^ defined 
in pT|) . This new scalar degree of freedom (</) — f'{R)) 
with mass mg is associated to R^ term in P5|) . 

From (|^D|) . we can see that the constant (3 = f — Rof(l 
is an factor that multiplies the action (j23p . and, hence, 
it can change the sign of this, therefore is necessary that 
/3 > 0. 

Therefore, a f{R) theory physically viable should be 
free of ghost, tachyon, Dolgov-Kawasaki instability, and 
negative effective gravitational coupling. 

• Ostrogradski Stability 

How we said previously the /(i?)-theories are 
Ostrogradski-stable ^38*]. Obviously the modifica- 
tion (fT3)) is Ostrogradski-stable. 



® In [43 | was studied the stability requirement for Born-Infeld 
gravity with including Gauss-Bonnet term. 

This instabihty is also known as matter instability, in this paper 
we use Dolgov-Kawasaki instability. 



Dolgov-Kawasaki Stability 

Assuming a positive effective gravitational coupling 
(O, we find 



dG. 



eff 



dR 



87r/'(i?)2 



(26) 



when /" < 0, the effective gravitational coupling 
increases with the curvature. If /" < this insta- 
bility can be seen as an instability in the gravity 
sector. In other words, this positive mechanism 
leads to destabilize the theory [l^. The modifica- 
tion ([T3| avoid the Dolgov-Kawasaki instability if 
/o > 0. 



fl! = - 



aenRj^-^ [ae{n - 2)i?g + 2{n - 1)] 
4 (aei?ff + 1) 3/2 



> (27) 



This condition also guarantees the classical stabil- 
ity of Schwarzschild black hole [HH] • 

• Positive Effective Gravitational Coupling 
The effective gravitational coupling multiplies the 



linearized BI action (1231) , is necessary that this fac- 
tor do not change the sign of the action. 



13 _ aenR^-^ [ae{n - 4)i?[f + 2(n - 2)] 



2k2 



8^2 {aeRlj + 1) 3/2 



> (28) 



Absence of Tachyon Instability 

The Dolgov-Kawasaki stability condition (/q > 
0) and a positive effective gravitational coupling 
(/' — Rofo > 0) together imply absence of tachyon 
in Born-Infeld gravity. The mass of the scalar de- 
gree of freedom for the theory ([T^ . in the linear 
approximation is given by 



rUn 



Ro [4 - 2n - ae{n - A)R^] 
3ae(n - 2)i?[f + 6{n - 1) 



> 



(29) 



• Ghost free 



Ghosts are massive state of negative norm that 
cause apparent absence of unitarity, it appear con- 
stantly in higher order gravity theories. A viable 
gravity theory should be ghost-free. The stability 
condition f"{R) > essentially amounts guaran- 
tee that the scalar degree of freedom is not a ghost 
[igI . [66l . [67| . If the BI modification is free of Dolgov- 
Kawasaki instability also is ghost-free. 



C. Scalar- Tensor theory equivalent to Born-Infeld 
gravity 

The f{R) theory in the metric formalism can be cast in 
the form of Brans-Dicke theory [l^ with a potential for 
the effective scalar degree of freedom [2^ . By introducing 



the auxiliary field Xj "we rewrite the action (1131) of the 
/(i?)-gravity in the following form: 



Sbi = 



2k2 



d^xV^ifix)iR-x) + fix)) (30) 



Varying this action with respect to Xj we obtain 

f"{x){R-x)^o (31) 

Provided f"{x) 7^ it follows that x ~ R- Hence the ac- 
tion (15(1)) recovers the action (fT^ in /(i?) gravity. Using 
the conformal transformation gf^^ — e^"^g^y in the action 
([TS]) where the new scalar degree of freedom is defined by 



ln/'(i?) 



(32) 



Usually in ^ is assumed f'{R) > 0, even if f{R) < 
can be defined (p — —\n \f'{R)\. Then the sign in front of 
the scalar curvature becomes negative. In other words, 
the regimen of anti-gravity can be realized, however for 
the action (IT51) the regimen anti-gravity f'{R) < can 
be avoid if e = —1. 

The Einstein frame action looks like 



oE 



BI 



(V<^) ~V{4>)] (33) 



where 



g^^^di^(f)dy(l) and potential is given by 
nR)R~}{R) 



\R=R{4>) 



2K2/'(i?)2 

For the /(i?)-function that appear in (IT^ we find 

neaR''-^ 



(34) 



If R is large and using = — In |/'(-R)| for e 
Then if e""^ 00 



Vi^) = (/3 - y/^)e- 



(35) 

1 we have 
(36) 

(37) 



where f3 = (;;^)"^^- The above potential has been 
found under approximation 1 <^ aR^. For < n < 2 
and n > 4 the potential ([57)) diverge if cx) and 
F(0) ^ if ^ -00. 

How we can see in (|35)) to obtain the scalar-tensor the- 
ory equivalent to ()13p is still very complicated. That 
represent a difficulty to study the particle spectrum of 
the theory [681]. However we can begin with the action 
I, in this case the scalar degree of freedom is given 
ln/'(i?) 



=-0 - 



1 



R 
3^ 



(38) 



FIG. 1: Potential of the scalar field (|39p corresponding to 
linearized theory for different choice of the parameters rriQ 
and A, black line mo = 1/4, A — 3/8, dashed line mg = 
1/2, A = 3/4 and dotdashed line mg = 1/8, A = 3/16. 



with the following scalar potential 



3ml 



1 



+ 2Ae 



-24> 



(39) 



The above potential correspond to linearization of the 
original theory and not the theory itself. However, we 
can prove, that the scalar-tensor theory dual to linearized 
theory (|23)) and the corresponding to original theory (fT3)) 
are equivalent. This affirmation rest on the compute of 
the effective mass of the scalar degree of freedom corre- 
sponding to theory (|23)) 



/o - Rpfo 



For the function f{R) defined in 



i?0 

3^ 



f" 



(40) 



(41) 



then the effective mass of the scalar degree of freedom 
coincides with the mass of the 0-spin excitation TOq com- 
puted through (22): m^e// = '^o- 

In the Fig.l we illustrate the potential ()39p . in the 
this figure we can see that this potential when — > 00 

V{(j)) — >■ and when (j) —00 the potential diverge. 
In the regimen — ^ 00 the potential is nearly constant 

y((/)) = which can leads to slow-roll inflation. The 
potential (|39)) has a stationary point at (/)c = In 1 + , 

this point correspond to minimum of potential V"{4)c) > 
if mg > 0. From potential ((39)). we obtain the mass of 
a scalar state 



9mi 



4A- 



3ml 



(42) 



Through the above equation, like 
the cosmological constant A = fmp. 



= ml , we find that 
Observationally we 
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FIG. 2: Potential of the scalar field (|49p for different choice 
of the parameter a, black line a = 1/2, dashed line q = 1/4 
and dotdashed line a = 1/8. 



know that A ^ (10~^^GeT^)^ which is a very small value 
and we obtain that toq ^ 10"'*^ GeV which imply that 
the correction to Newton's law (^51) is very large. 



D. Toy model (case n = 1) 

The objective of this section is to illustrate the results 
obtain in previous section for the following toy model 
corresponding to n = 1 and e = 1 in the original th eory 
P^ . This model has been previously studied in [63|. 
Through the eq. (|14p we find 



AaR - Ay/aR + 1 + 4 



i? = 



(43) 



which is the algebraic equation with respect to i?, the 
roots of this equation are 



i? = R = -^ (44) 
Like a > the second solution corresponds to AdS space. 



We know that these kinds of modifications are plagued 
of several kind of instability. In this case through the 
eq. (P7)) we find that the theory is free Dolgov-Kawasaki 
Instability for 



the effective gravitational coupling 

1 3 

--<R<— 
a la 



(45) 
is positive for 

(46) 



The conditions of Dolgov-Kawasaki stability (|45p and 
positivity of the effective gravitational coupling (|46p to- 
gether imply absence of tachyon instability for 



a 2a 



(47) 



The condition f"{R) > is warranty that the scalar 
degree of freedom is not a ghost. Through (|35l) for n = 1 
and € — 1 we find 



2^/TTaR 



(48) 



The self-interaction potential of the scalar field has the 
following form 



V{4>) = 



2) (3ae'^ + 2) 



4a 



(49) 



In the Fig. 2 we show the potential ([^^ and we can see 
how V{4)) — ?> if ^ — oo while for — > cx) the potential 
diverge. 



e"^ (ae"^ {^ae'*' - 8) - 4) 



4a 



(50) 



The potential (|49p has a stationary point at 

2(2Wl3) 



9a 



in this point (I49p possesses minimum 
V"{4>c) > 0. From potential (HH]) . we obtain the mass 
of a scalar state 



d^V{(l)) 27 



-ae 



30 



- - 4e2* 
a 



(51) 



We can consider that present universe corresponds to the 
minimum (pc of V{(p). It follows from ([51]) that m| = 

'^^^'^sia'^^'^ ■ ^^^^ constant a is very small the effective 
mass is large and the scalar field decouples, hence 
corrections to Newton's law (|25p are negligible. Then the 
obtained theory does not conflict with the cosmological 
observations, say, the solar system observations (to} . 

In [i^ was studied the phase space of a theory like this 
with e — —1 and n = 1 and was proved that this model 
can produce late time acceleration, which is associated 
with a solution dominated by the curvature see (49j . 



III. DISCUSSION 

In summary, in this paper we have considered a modi- 
fication type Born-Infeld to Einstein-Hilbert action. We 
paid special attention to the issues associated with lin- 
earization of this theory around vacuum, maximally 
symmetric spaces of constant curvature. 

The gravitational spectrum of the linearized theory 
show the existence massless graviton plus a new scalar 
degree of freedom of spin-0 which is associated with R^- 
term in (|23p . The existence of this new scalar degree 
of freedom modified the newtonian potential, however 
for large values of uiq this correction is negligible. We 
prove that the masses of the scalar degree of freedom 
corresponding to original theory and linearized theory 
are equals. 

From the potential (1391) corresponding to linearized 
theory we find that the mass of the scalar field is of or- 
der mo ~ 10^^^ GeV which imply that the correction to 
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Newton's law (1251) is not negligible. The potential (p9)) 
behaves almost constant when — >■ oo which can leads 
to inflation in the early universe. 

The toy model is free of the Dolgov-Kawasaki insta- 
bility, Tachyon instability and negative effective gravi- 
tational coupling for — i < R < t^^. The condition 
f"{R) > is warranty that the scalar degree of free- 
dom is not a ghost. Also it was demonstrated that for 



small values of the constant a the mass of scalar degree 
of freedom is large and the corrections to Newton's law 
are negligible. Also in Q was proved that this model 
can leads to a late time acceleration state in the universe 
without to include Dark Energy, in this model the accele- 
ration of the expansion is produced by nonlinear effects 
of the curvature. 
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